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Scheduling  3 Key-decisions

Machine 1 Machine 3Machine 2

Job 1 Job 4Job 3Job 2 Job 5 Job 6

Where to do what (assignment)?In what order (sequencing)?When exactly (timing)?

Tasks
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time

Job 2

Job 5

Job 4

Job 6

Job 1 Job 3
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Introduction
• Given
- Production recipe (processing time and amount of material)

- The available units and their capacity limits

- The available storage capacity for the materials

- The time horizon length and demand

• To be determined
- Optimal sequence of tasks in units (sequencing)

- Amount of material processed in each unit (batch size)

- Start and end time of each task in each unit (timing)

• Objectives
- Maximum profit, minimum cost or makespan



• Discrete-time

The length of time slots is known beforehand (from minute to hours)

• Continuous-time

T1 T2 T3 T4 Tn-1 Tn Tn+1 T|T|T|T|-1T|T|-2

... ...

Known beforehand

Time representation



• Discrete-time

The length of time slots is known beforehand (from minute to hours)

• Continuous-time

The length of time slots is a continuous variable

T1 T2 T3 T4 Tn-1 Tn Tn+1 T|T|T|T|-1T|T|-2

... ...

To be determined by optimization

T1 T2 T3 T4 Tn-1 Tn Tn+1 T|T|T|T|-1T|T|-2

... ...

Known beforehand

Time representation



• Discrete-time

• Continuous-time

Time representation

• Variable processing times

• Fewer number of time slots

• Smaller problem size



• Discrete-time

• Continuous-time

Time representation

• Variable processing times

• Fewer number of time slots

• Smaller problem size

• Poor LP-relaxation

• Minimum number of time slots is unkown



Scheduling formulation

• We use STN representation to model the problem

• To arrange tasks in units we introduce the concept of run

• Run =time slots

• Place holder for a task

• First MILP model for batch plant fully derived from Generalized 

Disjunctive Programming (GDP) followed by a convex hull 

reformulation



Scheduling formulation

Run 1 Run 2 Run |R|Run |R|-1
... ...Run r

CRr-1 CRrLRr h0

• Sequencing of runs

• Run 𝑟 always starts after run 𝑟-1 



Scheduling formulation

𝐶𝑅𝑟 − 𝐿𝑅𝑟 ≥ 𝐶𝑅𝑟−1, ∀𝑟|𝑟≥1

෍

𝑟∈𝑅

𝐿𝑅𝑟 ≤ 𝐻

Run 1 Run 2 Run |R|Run |R|-1
... ...Run r

CRr-1 CRrLRr h0

• Sequencing of runs

• Run 𝑟 always starts after run 𝑟-1 



Scheduling formulation

GDP framework

• Allocation and processing time

• At most one task in a unit per run

𝑋𝑖,𝑗,𝑟 = 1 if task 𝑖 is processed in unit 𝑗 during run 𝑟

𝑋𝑗,𝑟
𝑛𝑜 𝑖 = 1 if unit 𝑗 is idle during run 𝑟

𝑉𝑖,𝑗,𝑟 = Batch size of task 𝑖 in unit 𝑗 during run 𝑟



Scheduling formulation
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Scheduling formulation

GDP framework
MILP formulation

Convex hull

• Allocation and processing time

• At most one task in a unit per run

𝑋𝑖,𝑗,𝑟 = 1 if task 𝑖 is processed in unit 𝑗 during run 𝑟

𝑋𝑗,𝑟
𝑛𝑜 𝑖 = 1 if unit 𝑗 is idle during run 𝑟

𝑉𝑖,𝑗,𝑟 = Batch size of task 𝑖 in unit 𝑗 during run 𝑟



• Mass balance

Scheduling formulation

𝜌𝑖,𝑠
𝑝
= 1 𝜌𝑖,𝑠

𝑐 =0.5

𝜌𝑖,𝑠
𝑐 =0.5

Task 3

State S
200 mu

Task 2Task 1

End of run r-1

𝑆𝑇𝑠,𝑟 = 𝑆𝑇𝑠,𝑟−1 + ෍

𝑖∈𝐼𝑠
𝑝

𝜌𝑖,𝑠
𝑝
෍

𝑗∈𝐽𝑖

𝑉𝑖,𝑗,𝑟 −෍

𝑖∈𝐼𝑠
𝑐

𝜌𝑖,𝑠
𝑐 ෍

𝑗∈𝐽𝑖

𝑉𝑖,𝑗,𝑟 ∀𝑠, 𝑟|𝑟≥1

෍
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𝑐

𝜌𝑖,𝑠
𝑐 ෍

𝑗∈𝐽𝑖

𝑉𝑖,𝑗,𝑟 ≤ 𝑆𝑇𝑠,𝑟−1 ∀𝑠, 𝑟|𝑟≥1



• Mass balance

Scheduling formulation
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• Mass balance

Scheduling formulation
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𝑝
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𝜌𝑖,𝑠
𝑝
= 1 𝜌𝑖,𝑠

𝑐 =0.5

𝜌𝑖,𝑠
𝑐 =0.5

Task 3

State S
200 mu

Task 2Task 1

Task 3

State S Task 2Task 1
100 mu

100 mu

80 mu

End of run r-1

During run rEnd of run r
Task 3

State S
80 mu

Task 2Task 1

෍

𝑖∈𝐼𝑠
𝑐

𝜌𝑖,𝑠
𝑐 ෍
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𝑆𝑇𝑠,𝑟 = 200 + 80 − 100 − 100 = 80



Scheduling formulation

• Meeting demand
• d

𝑆𝑇𝑠,𝑟 ≥ 𝑑𝑠 ∀𝑠, 𝑟|𝑟≥|𝑅|

Demand for state S, known parameter

𝑆𝑇𝑠,|𝑅| ≥ 𝑑𝑠

Task i 

Task i

Final state



• Intermediate due dates

Scheduling formulation

C|R|=h

... ...

CrC1 C2C0=0

eT1

First period (T1)

Cr+1

Second period (T2)

eT2

...

End of T1 End of T2

Some demand Some demand
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Scheduling formulation
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First period (T1)
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Second period (T2)

eT2
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End of T1 End of T2

Some demand Some demand

Each run should finish in exactly one period



• Intermediate due dates

Scheduling formulation

C|R|=h

... ...

CrC1 C2C0=0

eT1

First period (T1)

Cr+1

Second period (T2)

eT2

...

End of T1 End of T2

Some demand Some demand

Each run should finish in exactly one period Demand in each period should be satisfied on time



• Maximum profit over a horizon of 8 h

Results (Ex1)

S1 S2 S3 S4Task 1 Task 2 Task 3

J1- J2 J3 J4- J5



• Maximum profit over a horizon of 8 h

Results (Ex1)

S1 S2 S3 S4Task 1 Task 2 Task 3

J1- J2 J3 J4- J5

Binary

variables

Total

variables

Eqs CPU

(s)

MILP

($)

RMILP

($)

Maximum profit using 5 runs (time horizon length = 8 h)

Shaik and 

Floudas (2009)

25 121 222 0.06 1840.1 2982.1

Our 25 87 163 0.02 1840.1 2493.1
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• Minimum makespan 

Results (Ex2)

S1
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Heating
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Reaction 1 Reaction 3
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Hot A Impure E

IntAB

IntBC

0.4
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Scenario 1: 𝑑𝑠8 = 𝑑𝑠9 = 200 mu

Scenario 2: 𝑑𝑠8 = 𝑑𝑠9 = 300 mu



• Minimum makespan 

Results (Ex2)
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Binary

variables

Total

variables

Eqs CPU

(s)

MILP

(h)

RMILP

(h)

dS8=dS9=200 mu, with 8 events and 8 runs

SFa 64 330 521 0.8 19.7 18.6

Our 64 227 357 0.1 19.7 18.6

dS8=dS9=300 mu, with 13 events and 13 runs

SFa 104 535 856 3600b 28.7 28.0

Our 104 362 572 743.1 28.7 28.0
aShaik and Floudas (2009), bRelative Gap =1.3%,
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• The model may result in suboptimal solutions

Results (Ex3)

S1 S3I1 I2S2

J1 J2

cpi1,j1=0.5

vpi1,j1=0.015
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vpi2,j2=0.015

The longest element determines the duration of a 

run:

Suboptimal
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I1
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100 mu

0
Run 1 Run 2

50 mu

Run 3 Run 4

I1

I2

50 mu 50 mu 50 mu

I2 I2

4.25 5.25 h

Unavailable time interval for I2

3
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• The model may result in suboptimal solutions

Results (Ex3)
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• Minimum makespan 

Results (Ex4)
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Demand should be met during two periods T1

and T2, where 𝑒T1 = 16 and 𝑒T2 = 26 h

𝑑T1,𝑆8 = 𝑑T1,𝑆9 = 100

𝑑T2,𝑆8 = 𝑑T2,𝑆9 = 200



• Minimum makespan 

Results (Ex4)
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Conclusions

• Novel MILP scheduling formulation for multipurpose batch plants

• The first MILP model fully derived from GDP followed by a convex hull 

reformulation (no big-M constraints)

• The formulation can be extended to address continuous processes (e.g., 

grade change optimization)

• Tighter LP-relaxation
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Thank you for your attention!

Any Questions?


