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Introduction singpre
Batch Plant Scheduling

Optimal allocation of a set of limited resources to some tasks over time

Generic representations of batch process: State-task Network (Kondili et al., 1993)
and Resource-Task Network (Pantelides, 1994)
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Introduction sthanre

Given

Production recipe (processing time and amount of material)
The available units and their capacity limits

The available storage capacity for the materials

The time horizon length and demand

To be determined

Optimal sequence of tasks in units (sequencing)
Amount of material processed in each unit (batch size)
Start and end time of each task in each unit (timing)

Objectives
Maximum profit, minimum cost or makespan
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Time representation singpre

e Discrete-time

The length of time slots is known beforehand (from minute to hours)
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Time representation singpre

e Discrete-time

The length of time slots is known beforehand (from minute to hours)

1 1 1 cee 1 cee 1 1 1
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2
. . N
° CO ntl N UOUS'tl me Known beforehand

The length of time slots is a continuous variable
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NN

To be determined by optimization
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Time representation singpre

 Discrete-time Variable processing times

A

Fewer number of time slots

Smaller problem size

e Continuous-time
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Time representation

e Discrete-time

e Continuous-time
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Variable processing times
Fewer number of time slots

Smaller problem size

Poor LP-relaxation
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Minimum number of time slots is unkown
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Scheduling formulation sthenre

« We use STN representation to model the problem
« To arrange tasks in units we introduce the concept of run

* Run =time slots
« Place holder for a task

* First MILP model for batch plant fully derived from Generalized
Disjunctive Programming (GDP) followed by a convex hull
reformulation

Aalto University
School of Chemical
B Engineering



@l

Scheduling formulation thet

singpra

« Sequencing of runs

Run r always starts after run r-1

CR,: Completion time of run r

LR,: Duration of runr

| Run 1 ' Run 2 ' | Runr | | Run [R|-1 | Run |R|
| ] ]
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Scheduling formulation singpre

« Sequencing of runs

* Run r always starts after run r-1 CR, — LR, > CR,_,, V7| yaq

CR,: Completion time of runr z LR, <H
TER
LR,: Duration of runr
| Run 1 ' Run 2 ' | Runr | | Run [R|-1 | Run |R| |
| I I e — — — —— > I J |
0 CRr.]_ LRr CRI' h
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Scheduling formulation

« Allocation and processing time

« At most one task in a unit per run

-

X jr = liftaskiis processed in unit j during run r
Xﬁr"i = 1 if unit j is idle during run r

Vi j- = Batch size of task i in unit j during run r

~N

J

Xijr X}’,’:’.‘? i

- LRj‘r > CP;‘J‘ + Upi‘jVj‘r - LRj’r =0

min max ) .
\/ Vij =Vijr S \/ Viir =0, ViEL| V)T

GDP framework
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Scheduling formulation

« Allocation and processing time

« At most one task in a unit per run

RONG

singpra

Representation as

(Xl-,j,r = 1 if task i is processed in unit j during run r A
Xﬁr"i = 1 if unit j is idle during run r
Vi j- = Batch size of task i in unit j during run r
J

min

X;

ler

Ljr =

ier; LRz 2 Cpij + Py Vi

noi
Xjr

Vijr S v \/ Viirp =0, Vi€,V

LR;, =0

GDP framework

Logical relation Comments Boolean Expression . I,
Linear Inequalities

Logical OR Yivhv..vY, yitpt. A2l
yi=l
Logical AND YinYon...AY, el
=

Implication Y=Y =Yivh l-yrty2l

. . Yy ifand only if > _
Equivalence (Y=Y A Vo5 Ty) (=Vivh)A( =Yavl)) il )

Exclusive OR Exactly one of the variables KTyt rtprt oty

is true

A
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« Allocation and processing time

Scheduling formulation

« At most one task in a unit per run
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singpra

Representation as

(Xl-,j,r = 1 if task i is processed in unit j during run r
Xﬁr"i = 1 if unit j is idle during run r

Vi j- = Batch size of task i in unit j during run r

Logical relation Comments Boolean Expression . I,
Linear Inequalities

Logical OR Yivhv..vY, yitpt. A2l
yi=l
Logical AND YinYon...AY, el
V=l

Implication Y=Y, Y vl ]-yﬁy:?l

. . Yy ifand only if > _
\ Equivalence (Y=Y A Vo5 Ty) (=Vivh)A( =Yavl)) il )

Exclusive OR Exactly one of the variables KTyt Pt =]

is true

mln max
V < VJ,. SV ij

(E[j L jf'—cpl,j-l-vpl}

Xijr xnoi
Vijr =
IR, =0

0, Yie|,Vjr

LEIJT lEf!'}

Convex hU” vln}mXIJT = Vz}r = thr

GDP framework

i€l L€l

J (Z:XUT+X““—1=>ZXUT_ Vj,\r

Vi € Ij,j,r

EZCPIJ I)T+va1} i YL T

J

MILP formulation
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Scheduling formulation singpre

Mass balance o State s e
200 mu
— p
STs,r - STs,r—l + Z pi,s Z Vi,j,r - z pgs z Vi,j,r VS'T|r21
iel?  J€Ji i€l Jj€;
z pic,s Z Vi,j,r < STs,r—l Vs, r|r21
tels JEi End of runr-1 *
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Scheduling formulation singpre

Mass balance

STs,r = STs,r—l + Z PES Z Vi,j,r - z pic:s z Vi,j,r VS, 1|21

iel?  J€Ji i€l Jj€;

z pic,s Z Vi,j,r < STs,r—l VS, T|r21

ielf jEJ; Task 3
s JEi End of run r-1

State S

Task 1 200 mu

Task 2

Task 1 Task 2

Task 3

Duringrunr
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Scheduling formulation singpre

Mass balance _— s -

STs,r = STs,r—l + Z PES Z Vi,j,r - z pic:s z Vi,j,r VS, 1|21
iel?  J€Ji i€l Jj€;
z pic,s Z Vi,j,r < STs,r—l VS, T|re1
iEIf JEJi Task 3
STg, =200+ 80—100— 100 = 80 End of run r-1
State S
Task 1 30 mu Task 2 ak 1 s
k
Endof runr o During run r Task 3
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Scheduling formulation

Meeting demand

STs,r = Vs;r|r2|R|

Demand for state S, known parameter

Task i

singpra

Ol

Final state

Task i’

A

' Aalto University
School of Chemical
B Engineering



ROIG

\ ey

Scheduling formulation singpre

 Intermediate due dates

End of T1 End of T2
| | 1 | er1 ] 1 er2 1 |
I 1 1 T T 1 1 | 1 I
- C C | ) |
C(i 0 1 2 C | Cr+1 | Cri=h
| | |
| _ ) | ) |
o] Firstperiod (1) _______________ »le-—___Second period (T2) ____ >
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Scheduling formulation singpre

 Intermediate due dates

End of T1 End of T2
| | 1 | er1 ] 1 er2 1 |
I 1 1 T T 1 1 | 1 I
- C C | ) |
C(i 0 1 2 Cr | Cr+1 | Cri=h
| | |
| ) ) | ) |
o] Firstperiod (1) _______________ »le-—___Second period (T2) ____ >

Each run should finish in exactly one period

Yr,t v
\_/[et—l =(- = et]‘ g
t
ZYT-I - 1, vr
t
Z Vi1 <G = Z Yo Vr
t t
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Scheduling formulation singpre

Intermediate due dates

End of T1 End of T2
| I 1 e 4 er1 ! ] €12 ! |
PR A — ' |
C(i_o i 2 C I Cr1 | Cirj=h
| | |
o] Firstperiod (1) _______________ »le - __Second period (T2) ____ >
Each run should finish in exactly one period Demand in each period should be satisfied on time
YT‘ . Y}%,aTSE =1= STyr = ds11
\_/ [et—l = Cr = et]‘ vr YJ%??IFZ =1=5T;g =dsT1 +dsT2
. ' Y.é?’s,'trs =1= ST g Zdgr1 +dsT2 +ds13
Z Yr't — 1’ VT Yi‘,t A _|Yr+1,t :> }’?‘!iSt V?", t
t }:!-E;St
t
Z Y?-'tet_l S C?- <_: Z Yuet vr \_/ \STs,r > Z ds,tr , Vs, r
t t ¢ t'=1
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Maximum profit over a horizon of 8 h

J1-J2

Results (Ex1)

J3

Task 1

Task 2

J4- J5

Task 3
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Results (Ex1) sthgpra

« Maximum profit over a horizon of 8 h

J1-J2 J3 J4- J5
Task 1 —»@—» Task 2 —»@—» Task 3

Binary Total Egs CPU MILP RMILP
variables | variables S $ $

Maximum profit using 5 runs (time horizon length = 8 h)

Shaik and 25 121 222 0.06 1840.1
Floudas (2009)

25 87 163 |0.02 1840.1 2493.1

2982.1

« Smaller problem size

A
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Binary Total Egs CPU MILP RMILP
variables | variables S $ $

J1-J2

Results (Ex1)

Maximum profit over a horizon of 8 h

Task 1

J3
Task 2

J4- J5

Task 3

Maximum profit using 5 runs (time horizon length = 8 h)

Shaik and 25
Floudas (2009)

(Our [

121 222 0.06

87 163 0.02

Smaller problem size

Tight LP-relaxation

1840.1

1840.1
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Results (Ex2)

Minimum makespan

Scenario 1: dgg = dyg = 200 mu

Scenario 2: dgg = dsg = 300 mu @_, Heating _,

Feed A Hot A

()

Feed B

Ol

W7

SN g p ro
Product 1
04 IntAB
Reaction 2 0.6 S5 |« 0.1
0.6 Impure E
@ IntBC Seperation
0.9
Reaction 1 Reaction 3 @
T @ T Product 2
o5  \°/ o2
Feed C
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Results (Ex2) singpra

Minimum makespan

Product 1

!0.4 IntAB
IERY Total Egs CPU MILP RMILP .04 06 0.1
. : Heating —> —» Reaction 2~ S5 |« .
variables | variables 5 h h < > @

dsg=d54=200 mu, with 8 events and 8 runs Feed A Hot A 0.6 Impure E
Sall 64 33 521 0.8 19.7  18.6 @ IntBC Seperation

Im jo.1 19.7 18.6
0.9

dgg=d =300 mu, W|th 13 events and 13 runs
@—> Reaction 1 Reaction 3 @

SFa 856 3600° 28.7

E!I. 104 362 572 _J743.1 287 28.0 Feed B T @ T Product 2

aShaik and Floudas (2009), PRelative Gap =1.3%, o5  \°/ o2
Feed C

* Smaller problem size
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Results (Ex2) singpre

Minimum makespan

Product 1

!0.4 IntAB
IERY Total Egs CPU MILP RMILP .04 06 0.1
. : Heating —> —» Reaction 2~ S5 |« .
variables | variables 5 h h < > @

dsg=d54=200 mu, with 8 events and 8 runs Feed A Hot A 0.6 Impure E

S 64 330 521 0.8 19.7 186 @ IntBC Seperation
64 227 357 0.1 19.7 186 =

dsg=d54=300 mu, with 13 events and 13 runs '

SF2 104 @—> Reaction 1 Reaction 3 @
104 _ 287 280 Feod B T () 1 Product 2

aShaik and Floudas (2009), PRelative Gap =1.3%, o5  \°/ o2

Feed C

* Smaller problem size

« Lower CPU time
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Results (Ex3)

The model may result in suboptimal solutions
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singpra

The longest element determines the duration of

run.:

LRj, < LR, Vj,r

J1 J2
@—» 11 12
CPi1j1=0.5 CPi2j2=0.25
Vpil,j1:0-015 Vpiz,j2:0-015
100 mu 50 mu
J1 \\ l _
U: agsilr%tble ‘t':-i[n_e interval for:12
J2 ; " X
Run1 ___Run2 : Run3 . Run4:
0 2 3325 425 5.25h
Suboptimal
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Results (Ex3) singpra

« The model may result in suboptimal solutions

J1 J2 The longest element determines the duration of
11 12 .
( ) run. LR;, < LR, Vj,r
CPi1j1=0.5 CPi2j2=0.25
Vpil,j1:0-015 Vpiz,j2:0-015
100 mu 100 mu 50 mu
- \\ oy . NN
Unagsllable tlin_e |nterval for: 12
2 2 A
Runil § Run2 : Run3 ' Run4: Run 1 : Run?2 : Run3 : Run4:E
0 2 3 3.25 425 525h 0 2 3 3.25 425 525h
Suboptimal Optimal
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Results (Ex3) sthgpra

The model may result in suboptimal solutions

Start time
ofrunrin ~ .
unit | 2 SRjy 1 + LRy YV JELTER
SRy 2 SR,y + LRy, _y, VJEJS,j €] #)),5ESTER|s

100 my 50mu 5 | 100 mu 50.muy

. N Ny

U'nagsilable time interval for 12
: mu : 0...m 0

\ 4

J2

Run 1 § 2 © Run3 Run4: Run1 : Run2 © Run3 . Run4.
0 2 3 3.25 425 5.25h 0 2 3325 425 5.25h

Suboptimal Optimal
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Results (Ex4)

Minimum makespan

Demand should be met during two periods T1
and T2, where er; = 16 and ep, = 26 h

dr1s8 = dr1,59 = 100

dTZ,SS - dT2,59 = 200

O

Heating

ROS

Feed A

Hot A

Feed B

Wi

Product 1 @‘3\@?"@5‘
u
singpre
0.4 IntAB
Reaction 2 0.6 S5 |« 0.1
0.6 Impure E
@ IntBC Seperation
0.9
Reaction 1 Reaction 3 @
T @ T Product 2
05 \_/ 02
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Results (Ex4) singpre

0.4 IntAB

Minimum makespan C
Heating —» Reaction 2 0.6 S5 e 0.1

Demand should be met during two periods T1| reda Hot A 06 Impure £

and T2, where ety = 16 and ety = 26 h @ IntBC @—»Sepemtion

dTl,SS - dT1,59 =100 0.9

@—> Reaction 1 Reaction 3 @
dTZ,SS - dT2,59 = 200

Feed B T @ T Product 2

100 16 3106 32 100 _ 05 U 0.2
'H@ §‘\§ ' Feed C

46.45 S0 50 :46.15 S0 43.27 - 32.50 3151 .
& EET TR0 EER | xe (TR0 e |
- 80 80 73.84 8 69.23  77.65 0 80 52.0 _so.:_tg_:
FRES N S R S R N N e

: 120 112.50 . 130 81.94

Run 1 Rum 2 Rumn 3 ‘Run 4 Run 5 ‘Run 6 w“nD Run 10 Run li Run 12

! 2.57 5.23 7.90 9.18 11.85 13.09 15.73 18.38 A 2 23.00 24.88h
First time period \. Last run in the first period
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Conclusions g pra
* Novel MILP scheduling formulation for multipurpose batch plants

« The first MILP model fully derived from GDP followed by a convex hull

reformulation (no big-M constraints)

« The formulation can be extended to address continuous processes (e.g.,

grade change optimization)

» Tighter LP-relaxation
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Thank you for your attention!

Any Questions?
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